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A NOTE ON FOCUS-FOCUS SINGULARITIES 



NGUYEN TIEN ZUNG 



Abstract. We give a topological and geometrical description of focus-focus 
singularities of integrable Hamiltonian systems. In particular, we explain why 
the monodromy around these singularities is non-trivial, a result obtained 
before by J.J. Duistermaat and others for some concrete systems. 



1. Introduction 

Many integrable Hamiltonian systems in classical mechanics - from as simple as 
the spherical pendulum - contain focus-focus singularities (see Section |^). Thus 
the study of these singularities is important in order to understand the topology 
of integrable systems. We address this problem in the present note. It turns out 
that the topological structure of focus-focus singularities is quite simple, though 
very different from elliptic and hyperbolic cases. The affine structure of the orbit 
space near focus- focus singularities is also very simple (cf . Proposition H) . As a 
corollary, we obtain that the monodromy around these singularities is non-trivial. 
The notion of monodromy was first given by Duistermaat , and its non-triviality 
was observed by Duistermaat, Cushman, Knorrer, Bates, etc., for various systems, 
all of which turn out to be connected with focus-focus singularities (see Sections 

ii- . .. 

For simplicity of the exposition we will consider only systems with two degrees of 
freedom. The results remain unchanged for focus-focus codimension 2 singularities 
of integrable Hamiltonian systems with more degrees of freedom. 

2. Local structure 

Throughout this work, by an integrable system we will mean a Poisson action 
on a real smooth symplectic 4- manifold (Af'*,w), given by a moment map F = 
(Fi, F2) : — > M^. We will also assume that the level sets of F are compact, and 
hence they are disjoint unions of Liouville tori wherever non-singular. 

Suppose that xq G M'* is a fixed point of the above Poisson action: dFi{xo) = 
dF2{xo) — 0. Let Hi be the quadratic part of Fi at xq (i = 1,2). Since Fi,F2 are 
Poisson commuting, so are Hi and H2: {Hi, H2} = 0- 

We will assume that xq is a non-degenerate singular point, i.e. Hi and H2 form 
a Cartan subalgebra of the algebra of quadratic forms under the natural Poisson 
bracket. Then by a classical theorem of WiUiamson (see e.g. (l^, |l|, ^), after a 
linear change of basis of the Poisson action (i.e. a linear change of the moment 
map F' = AoF, A being a constant invertible matrix), one of the following four 
alternative cases happens: 
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Hi = Xi + yf,H2 — x2+y2, (elliptic case) 

Hi ^ x\ + y\, H2 = X2y2, (elliptic- hyperbolic case) 

Hi = xiyi,H2 = 2:22/2, (hyperbolic case) 

Hi = xiyi + X2y2,H2 = 2:12/2 - X2yi. (focus-focus case) 

Here (2:1, j/i, 2:2, 1/2) is a system of symplectic coordinates in the tangent space 
at xq: uJx„ = dxi A dyi + dx2 A dy2- 

In this paper we are interested in the fourth, focus-focus case. Notice that if 
one considers systems with complex coefficients, then the above four cases become 
the same. It is equivalent to say that the complex symplectic algebra sp{2n, C) has 
only one conjugacy class of Cartan subalgebras. 

The local analysis of focus-focus singular points was done by Lerman and Uman- 
skii 1^ and Eliasson It turns out that near a focus- focus singular point 2:0, there 
are two local Lagrangian invariant submanifolds which intersect transversally at xq 
(cf. [^), and the other nearby local invariant Lagrangian submanifolds are an- 
nuli. Moreover, the local singular Lagrangian foliation given by the moment map 
F near xo is symplectically equivalent to the one given by the linearized moment 
map H = {Hi,H2) (cf. 0). In other words, there is a local symplectic system of 
coordinates (2:1, j/i, 2:2, 2/2) around xq, for which F can be expressed as a function of 
two variables /i, /2, where fi = xiyi + 2:22/2, /2 = 2:12/2 — 2:22/1- Such a local system 
of symplectic coordinates will be called a canonical system of coordinates near a 
focus-focus point xq. 

Proposition 1. Let xq be a focus-focus singular point. Then there is a natural 
(local) circle Hamiltonian action near xq, which preserves the moment map. 

Proof. Let (2:1, 2/1, 2:2, 2/2) be a canonical system of coordinates. Then the function 
/2 = 2;iy2 — 2:22/1 will be the required Hamiltonian. Remark that this Hamiltonian 
S-*- action has exactly one fixed point, namely xq. □ 

In fact, one can give a different proof of the above proposition, which relies only 
on the existence of two transversal invariant Lagrangian submanifolds indicated 
above, as follows: by perturbation theory, one sees that there is a linear combination 
of the Hamiltonian vector fields Xp^ , , which gives rise to a periodic flow on 
one of these Lagrangian submanifolds. Then one can extend this flow in the most 
natural way to obtain the required Hamiltonian action in a neighborhood of xq. 
Notice also the uniqueness of this Hamiltonian action, up to the direction. 

The following proposition is not needed for the rest of this note but will be used 
to obtain some geometric invariants of torus singular Lagrangian foliations with 
focus-focus singularities. 

Proposition 2. Let (Xi, Yi, X2, ^2) and (2:1,2/1,2:2,2/2) be two different canonical 
systems of coordinates at xq. Then we have X1Y2 — X2Y1 = X12/2 — X22/1 or X1Y2 — 
X2Y1 = — (xi2/2 — X22/1), and the difference between X1Y1+X2Y2 anrf ±(x 12/1 -I-X2 2/2) 
is a flat function. 

Proof. The proof follows directly from the results of Vey ||l5| (who, however, 
seems to omit the focus- focus case). In the analytic case, one can complexify the 
system so that to return the problem to the case of elliptic singularity. Then one 
sees that fi — xiyi + X22/2 and /2 = xiy2 ~ 2:22/1 are some linear combinations 
(namely, the sum and the difference, up to some scalars) of two action functions 
(i.e. action components of a local system of action-angle coordinates near an elliptic 
singularity). Hence fi and /2 do not depend on a particular choice of canonical 
coordinates, up to a sign (cf. [|5|). In the smooth case, Taylor expansions will give 
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the same result, up to fiat functions. Note tliat even in tlie smootli case we liave 
X1Y2 - X2Y1 = xiy2 - X2yi or X1Y2 - X2Y1 = -(a;ij/2 - X2yi) since ttiey are tlie 
Hamiltonian of a unique natural action discussed in the previous proposition. □ 

3. Stable case: topology and monodromy 

Denote by N{xo) the connected component of the preimage of the moment map 
F which contains xq. We will always assume that all singular points in N{xo) 
of the Poisson action are non-degenerate. (See e.g. ||^, ^ for the definition 
of nondegcneracy) . Then N{xo) is a non-degenerate singular leaf in the singular 
Lagrangian foliation by Liouville tori in a most natural sense (see p9[ | for more 
details). From the results of Lcrman and Umanskii it follows that singular 
points in N{xo) either lie in one-dimensional closed singular hyperbolic orbits or 
are focus- focus fixed points. 

By convention, we will say that a focus-focus singular leaf N(xq) is topologically 
stable if it does not contain singular hyperbolic orbits, i.e. if all singular points in 
it are focus-focus fixed points. 

Suppose now that N{xo) is topologically stable and contains exactly n focus- 
focus fixed points xq,. . . ,Xn-i- Then because of the Poisson action, N{xq) \ 
{cco, . . . , Xn-i} must be a non-empty disjoint union of annuli. It follows that N{xo) 
consists of a chain of n Lagrangian spheres, each of which intersects transversally 
with two other. (This simple but important fact was observed by Bolsinov, and also 
by Lerman and Umanskii themselves). In particular, the fundamental group of a 
tubular neighborhood of it is Z. When n = 1, N{xq) is just a sphere with one point 
of self-intersection. It is well-known that the orbit space of the singular Lagrangian 
foliation (by Liouville tori) has a unique natural integral affine structure outside 
the singularities (see e.g. |^). We have the following: 

Proposition 3. Let N{xq) be a topologically stable non- degenerate focus-focus leaf 
with n fixed points as above. Then in a neighborhood of the image of this leaf in the 
orbit space of the singular Lagrangian foliation, the affine structure can be obtained 
from the standard flat structure in = {{x,y)^ near the origin O by cutting out 
the angle ^{(0, 1), (— n, 1)} and gluing the edges of the rest together by the integral 
linear transformation {x, y) 1— > (x + ny, y). 

Before proving the above proposition let us now construct an algebraic model 
for this singularity. 

Near the origin O in the local standard symplectic space M.'^^u} — dpiAdqi+dp2 A 
dq2 we have two generating functions for a Poisson M^-action with the singularity 
of the type focus- focus: 

fl ^PlQl +P2'72,/2 = Pi'72 ~P2qi 

Set zi = pi — ip2, Z2 = qi + iq2 ■ Here we define a complex structure: 

J ■ {pi,P2,qi,q2) {p2,~Pi,~q2,qi) 

Then /i and /2 are the real and imaginary part of function ziZ2. In particular, the 
level sets of (/i, /2) are the level sets of Z1Z2 in C^. 

Consider first the simplest case, when n = I. We can construct the model 
as follows: Take the conformal map $ : {zi,Z2) 1— > (z^^, 2:1 2:2)- Note that to = 
Redzi A dz2, and $ is a complexification of a real area-preserving map. Hence $, 
where it is well-defined, is a symplectic mapping. Consider a small neighborhood 
D X of the sphere x CP^ {z2 hes in CF^). Gluing the points near (0,0) to the 
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points near (oo, 0) by the map $ we obtain a complex space U which has a natural 
symplectic form uj (because $ preserves the symplectic form). Furthermore, it is 
clear that the analytic map ziZ2 :hi — > C is well-defined on M and is the moment 
map for a desired Poisson action. 

The case n > 1 is similar. Take n samples C/i(i = 1, n) of L* x CP^ and define 
n local maps 4>i : Ui Ui^i{Un+i — Ui), which in local coordinates have the same 
form $ as above. Glue Ui together by these maps. Again we obtain a symplectic 
manifold, and the function ziZ2 provides us a moment map for a Poisson action 
on that manifold, now with n focus-focus points over a singular point of the local 
bifurcation diagram. More geometrically, what we do is just take an n-covering of 
the one-point case. Under this covering every Lagrangian torus also pulls back to 
an n-covering of itself. 

Topologically, this construction is unique, i.e. it can be easily shown that any 
two topologically stable focus-focus singularities Ni{xq) and A^2(2/o) with the same 
number of singular points will have diffeomorphi(£] singular Lagrangian foliations 
(though in general we don't have a foliation-preserving symplectomorphism between 
them, cf. Q). If we forget about the foliation, then by Moser's path method, one 
can show that there is a symplectomorphism between some tubular neighborhoods 
Ui{Ni) and U2{N2) of Ni and iVa, which sends Ni to N2 (cf. |). 

From the construction it is easy to see the topological type of an "isoenergy" 
3- manifold around the singularity (more precisely, the manifold { 1^1^21 = e > 0}). 
It is a locally flat fibration with torus fiber over a circle. We will compute the 
holonomy mapping of this fiber bundle. Our computations in fact do not depend 
on the above specific model, but only on topological properties of all topologically 
stable focus-focus singularities. 

Recall from the previous section that locally near xq there is a natural Hamil- 
tonian action. This action can be extended to be a Hamiltonian action in 
a tubular neighborhood U{N) of N{xo)- Denote by g the corresponding Hamil- 
tonian function, g{xQ) = 0. Because of the invariance, g can also be consid- 
ered as a function on the orbit space. In our model g — f2- Fix a small circle 
{|ziZ2| = e} = {/i + fi " the orbit space. Every point in this circle corre- 

sponds to one Liouville torus. Fix one point {/i = e, /2 = 0}. On the torus corre- 
sponding to this point fix a basis of generators of the fundamental group, so that the 
second generator is induced from the symplectic vector field Xf^, and the orienta- 
tion on given by these two generators coincides with that one given hy X f-^, X j^. 
Denote these generators by 7, S respectively. When the point {/i = e, /2 = 0} 
moves along the circle in the positive direction (anti-clockwise), 7 and S also move 
homotopically, and in the end come back to some new cycles 7„eui , ^new on the old 
torus. 

Lemma 1. With the above notations we have: 

1) The curves {g — const} are straight lines in the affine structured orbit space. 




Proof. 1) follows from the fact that the fiow of Xg is periodic with constant 
period. We prove 2) for n ~ 1. After that one can use the n-covering argument 
to see it for any n. Since the assertion is topological, then it is enough to prove it 
in our model. On the submanifold {|ziZ2| — e} in lA denote by the cycle where 
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zi — const and arg Z2 decreases, A the circle where Z2 = const and arg zi increases. 
Then S = d+X. Recall that when we go around by 7, the coordinate system changes 
by the rule: (2:"'^"', Zj*^"") = (z^"'^,ziz|). Fix a point A in one representative of 7. 
Moving A along A by some angle e means increasing arg zi by this angle. Making 
things go homotopically around 7, what we get is that argz"'^™ increases by e, Z2^'^ 
remains constant. By the above rule, in the old coordinates arg zi increases by 2e, 
and arg Z2 decreases by e. That yields that after going around 7, A becomes to 
move on A + (5 with the same angle. It follows that "fnew = 7 + (5. □ 

Proof of Proposition |^. It follows directly from Lemma |^. □ 

Let V"^ be an affine structured manifold. Then in the tangent bundle of V there 
is a unique natural flat connection, and fixing a point x € V there is a monodromy 
linear representation of t^i{V) in T^V, defined as usual (cf. Q). From Proposition 
H we immediately get: 

Corollary 1. The local monodromy near every topologically stable focus-focus point 



Consider now the non-stable case as well, i.e. allow N(xq) to contain hyperbolic 
singular orbits. As before, 2-dimensional orbits in N(xq) are annuli. It follows that 
N(xo) is a union of immersed closed Lagrangian surfaces which intersect transver- 
sally at hyperbolic orbits and focus-focus points. Again, it can be easily seen that 
the local action discussed before can be extended naturally to a Hamiltonian 
action in a saturated neighborhood h{{N{xo)) of N{xo), which preserves the 
moment map. Near (possible) hyperbolic orbits in N{xo), this action coincides 
with another Hamiltonian action, which is defined in a natural way in a tubular 
neighborhood of each closed hyperbolic orbit of the Poisson action. Notice that the 
natural action defined near a hyperbolic closed orbit has isotropy group at most 
Z2 (the cyclic group of two elements) at this and some nearby hyperbolic orbits 
and is free outside them (cf. ||l^). In other words, we have: 

Proposition 4. i) In a saturated neighborhood U{N{xo)) there is a unique Hamil- 
tonian action, generated by a function g, g{xo) — 0, which preserves the moment 
map. In particular, it leaves N(xa) and hyperbolic singular orbits invariant, 
ii) This action is trivial at focus-focus points, may have isotropy group Z2 at hy- 
perbolic orbits, and is free elsewhere. □ 

Consider the moment map g : U{N) ^ M of the above action. At each 
small value s denote by Pg the symplectic 2-dimensional space obtained by the 
Marsden-Weinstein reduction at g = s. 

Consider Pq- It contains the image of Xi, denoted by pi (i = 0,...,n-l). Let 
(xi, a;2, 2/2) be a canonical system of coordinates at xq. Then each orbit of the 

action, which lies in {g = 0}, intersects the symplectic plane xi = yi — 0, and 
the intersection is a pair of points of the type {(a;2, 2/2), (— 2:2, — y2)}- It follows 
that Pq is an orbifold of order 2 at pi. (Homeomorphically we can 'desingularize' 
the points pi, but not symplectically) . Let qi,...,qk,k > denote the image of 
normally- nonorientable hyperbolic orbits (i.e. orbits on which the action is not 
free) of N(xo) in Pq. Then Pq is also an orbifold of order 2 at these points. Thus, 
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Pq is a topological surface, but symplectically it is a quotient of a symplectic surface 
by a Z2 action. 

Notice that, since g can be viewed as a function on the orbit space of the original 
action, the restriction of the moment map on {g = s} will give rise to a circle 
foliation on Pg. On Pq this foliation is singular, with the singular leaf being the 
image of N{xo). In the topologically stable case this singular leaf is just a circle 
which contains all of the points pi. In the non-stable case, Pq with the singular 
foliation looks like a hyperbolic codimension 1 singularity (cf. only it contains 

some special (focus-focus) points in the singular leaf. In the topologically stable 
case, Pg (s 7^ 0) with the circle foliation on it is regular. In the non-stable case it 
can be obtained from Pq by smoothening the points pi and perturbing the foliation 
a little bit. In particular, each Pg, s ^ now represents a codimension 1 singularity. 
The above description of the Marsden-Weinstein reduction for the distinguished 
action gives a better understanding of the topology of topologically stable and 
non-stable focus-focus points. On the other hand, by a small perturbation of the 
Poisson action we can always split out focus-focus singularities from hyperbolic 
codimension 1 singularities. In other words, we have: 

Proposition 5. // N{xq) contains hyperbolic orbits, then there is an arbitrarily 
C°° small perturbation F' of F, such that F' is again the moment map of some 
Poisson action, which has Xq as a focus-focus point, and the singular leaf N' {xq) 
with respect to F' contains the same number of focus-focus points as N(xq) but does 
not contain any hyperbolic orbit. 

Proof. By a local diffeomorphism of M'^, we can assume that F(a;o) = and 
F2 = g, i.e. it generates the distinguished Hamiltonian action. 

If 7 is a closed 1-dimensional hyperbolic orbit in N(xq), and the action on 7 is 
free, then it is easy to construct a system of symplectic coordinates {xi, X2, 2/2), 
2/2 - mod 1, near 7, such that 7 — {xi = X2 = 112 = 0}, and X2 — g. In this 
canonical system of coordinates, Fi is a function depending only on 3 variables 
xi,X2,y2- Moreover, we can make so that in a small tubular neighborhood of 7, 
N(xq) is given by N{xQ)r\U{-f) = {Fi = F2 = 0}nU{j) = {xi = 0,X22/2 = 0}. 
Then we can slightly perturb Fi, as a function of three variables (xi, X2, 2/2), so that 
it remains unchanged outside ^(7), and {Fi = F2 = 0} nU{'~f) becomes smooth. 

In case the action is free on all hyperbolic orbits of A^(a;o), we can apply the 
above procedure to all these hyperbolic orbits to obtain the required result. In case 
there are some orbits with isotropy group Z2, we can use a double covering and 
make everything Z2 invariant to obtain the same result. □ 

The above proposition gives a justification for the word stable. Unlike the case 
of complicated hyperbolic (codimension 1) singularities, we don't fear that when 
we perturb the things using the above proposition some finite symmetry breaks up, 
since focus-focus points and hyperbolic orbits are clearly of different natures and 
have different codimensions. One can also 'split' focus-focus points, i.e. make them 
lie on different levels of the moment map, by a similar S^-invariant perturbation. 
But then some good finite symmetry may break up. 

5. Examples and remarks 

We have given the topological classification, and the afhne structure of the or- 
bit space, for focus-focus singularities. The geometrical classification (i.e. up to 
foliation-preserving symplectomorphisms) is discussed in work |^ , where it is shown 
that there arises some formal Taylor series in the set of invariants, like in 
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In we have shown that (topological) 2-domains of orbit spaces of integrable 
Hamiltonian systems^ with two degrees of freedom can have fundamental group at 
most , and 2-domains with non-trivial fundamental group can appear only in very 
special systems. Thus in general, at least for systems with two degrees of freedom, 
non-trivial monodromy is most probably connected with focus-focus singularities. 
(Recall that topological 2-domains of orbit spaces can contain focus-focus points). 

It seems that the study of action-angle variables plays an important role in 
classical mechanics (see e.g. a survey by Marie ||ll|). A particular attention is given 
to the 'phenomenon' of nontriviality of the monodromy. As we speculated above, 
this phenomenon is almost for sure connected to the existence of topologically stable 
focus- focus singularities (but see p9[ |). We list here some known examples: 

1. Spherical pendulum (cf. H)7 The spherical pendulum has a group of 
symmetries (rotations) , hence it is an integrable system with two degrees of freedom. 
It has 2 stationary points: the lowest and highest positions with zero velocity. The 
lowest position is stable, and indeed it is an elliptic singular point. The highest 
position is unstable dynamically, and one can see that it is a focus-focus singular 
point, by just looking at the trajectories having this position as the limit. It follows 
that we have a stable (in our topological sense) focus-focus singularity with one 
fixed point. 

2. Lagrange top. A detailed analysis of this classical spinning top is given in Q, 
together with the nontrivial monodromy. The existence of a focus-focus singularity 
was also observed by many people (see e.g. 0, [l^). 

3. Champagne bottle (cf. Q). The Hamiltonian is \ {p'i+p1) — {x^ + (x'^ + 
y^Y' , i.e. a special case of Garnier systems. Bates showed that there is a focus-focus 

singularity, and the monodromy is generated by the same matrix 

previous examples (or if one permutes the basis). 

4. Clehsch 's equation (motion of a rigid body in a fluid) . The bifurcation diagram 
of this system was constructed by Pogosyan [Q, from where the existence of a 
focus-focus singularity is clear. 

5. Euler's equation on so(4). The bifurcation diagram of some integrable Euler's 
equations in so(4) was constructed by Oshemkov (see, e.g., ||l^). These bifurcation 
diagrams also contain some isolated singular points, i.e. focus-focus points! One 
can suspect that Euler's equations in many other Lie (co)algebras will also possess 
focus-focus singularities. 

After this note was written, I found two relevant papers |l0[] and |p^ . Lerman 
and Umanskii jl^ also studied the topology of extended neighborhoods of focus- 
focus singularities, but their description is rather complicated. Zou [l8| already 
proved Corollary 1, but only for the case n — 1. His proof is based on an interesting 
observation that in case n ~ 1, the situation resembles the simplest case of Picard- 
Lefschetz theory. (In fact, our model in Section 3 is holomorphic so one can apply 
Picard-Lefschetz theory) . In Zou also mentioned a focus- focus singularity with 
71 = 2 (in a system studied by him and Larry Bates), where his theorem does not 
apply. 
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